Abstract. A matrix model to describe dynamical loops on random planar graphs is analyzed. It has similarities with a model studied by Kazakov, few years ago, and the O(n) model by Kostov and collaborators. The main di erence is that all loops are coherently oriented and empty. The free energy is analytically evaluated and the two critical phases are analyzed, where the free energy exhibits the same critical behaviour of Kazakov's model, thus con rming the universality of the description in the continuum limit (surface with small holes, and the tearing phase). A third phase occurs on the boundary separating the above phase regions, and is characterized by a di erent singular behaviour.
Introduction
Field theory models with matrix-valued order parameters have been the focus of a very large amount of investigations in the past decade. The analysis of these models in the limit of large order of the matrices, the large N limit, even in reduced dimension of space-time, provides important suggestions for the non-perturbative understanding of quantum eld theory and for the formulation of string theory. Already at the beginning of the more modern developments, much attention was given to the loop correlators W(l 1 implies, in the planar limit, a quadratic equation for its Laplace transform with a solution equivalent to the more usual saddle-point analysis.
The main interest of loop correlators is related to their interpretation as insertion of loops of perimeters l 1 ; : : :l m in the dynamical triangulation provided by the graphs dual of the planar Feynman graphs of the model. Loop equations have a pictorial interpretation as splitting or glueing of loops and handles. In the continuum limit of the matrix model, obtained for critical values of the couplings in the potential, the loop operator may be arranged to have a nite loop length, or an in nitesimal one, thus being referred to as a macroscopic (or respectively, microscopic) loop operator. A related analysis was done for the operator n = Tr( n ), corresponding to the insertion of a n-sides polygon in the dinamical triangulation. Duplantier and Kostov analyzed the connected two point correlator hTr( L )Tr( L )i V , and obtained critical coe cients for the problem of random self-avoiding paths on a random planar graph 5].
In a very interesting paper, Kazakov 6] analyzed the e ects of dynamical loops in the simplest one matrix model, in the planar limit. The partition function is
(1:4) (We slightly change Kazakov's notation to simplify the comparison with the present paper). In the large N limit, the free energy E = ? 1 N 2 log Z is the sum of planar Feynman graphs where "gluons" interact with the quartic vertex g and, in the proper continuum limit, describe planar connected surfaces with the insertion of an arbitrary number of holes of arbitrary lengths. The parameter L may be regarded as the hole fugacity. By a saddle point analysis, in the large N limit, he showed that the model has three di erent phases in the continuum limit, characterized by di erent scaling behaviour as L ! 0 of the average number of holes < h > and the total perimeter of the holes < l >, both observables being evaluated per unit volume: a)" small holes phase", which occurs for g z 2 > 2=3 the holes are rare (< h >! 0) and the average lenght of one hole <l> <h> approaches a nite value while the surface area diverges.
b) "tearing phase", which occurs for g z 2 < 2=3, the surface is almost lled with large and dense holes. In the limit L ! 0, < l > approaches a non vanishing constant, quite like an order parameter of a spontaneous symmetry breaking. This nite value, due to the diverging perimeter of the average hole, while the number of holes vanishes, < h > L 2=3 may be called residual total perimeter.
c) The one-dimensional manifold in the parameter space, separating the two above mentioned two-dimensional manifolds , at g z 2 = 2=3 provides another scaling behaviour < h > L 4=5 < l > L 2=5 , then the average lenght diverges as in the "tearing phase" , but the residual total perimeter < l > vanishes as in the "small hole phase".
The same model was further on analized by Kostov 7] , with the orthogonal polynomial technique. The role of fermions in generating the dynamical loops in matrix models of Kazakov type, eq.(1.4), was investigated by Yang 8] in dimension one.
Field theory models of surfaces with dynamical loops are interesting for the formulation of eld theories of interacting strings. They are usually called eld theories of open strings, but have implications also for models of surfaces with handles and no boundaries, usually referred to as eld theories of closed strings. Indeed, after a proper identi cation of h couples of boundaries, the partition function associated to a surface with 2h boundaries must be equal to the partition function associated to a surface with h handles. In the past few years large-N QCD on a generic two-dimensional manifold has been investigated as a string model and as a topological theory [9] [10] [11] [12] . Some identities of the above mentioned type were exhibited. This paper is an investigation of a closely related random matrix model which seems promising for the description of two dimensional manifolds with oriented boundaries. The present model is the most straightforward analogue, in zero dimension of space- 
One of the two variables t or z is redundant, and from the beginning of x3 we set t = 1=2.
Our choice of potential is
(1:5b)
By performing the gaussian integration over the complex matrices a , a rescaling in N of the matrix elements M ij , and neglecting an irrelevant constant, the partition function
As it is apparent from eqs.(1.5), the model, in the large N limit, describes connected planar surfaces, generated by "gluons" with cubic interactions, with an arbitrary number of coherently oriented non-intersecting closed boundaries (holes), generated by the propagators of the charged elds a (Fig. 1) . We evaluate the free energy of the model in eqs.(1.5) in the large N limit and study its singularities, corresponding to continuum limits for the random surface with dynamical holes. In a way quite analogous to Kazakov model, three phases are found. The scaling behaviour of relevant observables is the same for phase a) and b), but it is di erent for phase c). This non universal behaviour is the main result of the present paper.
In the Boltzmann factor in eq. are not holes.
The paper is organized as follows: in section 2 we consider the L expansion of the free energy and show the relationship of its rst order term with the leading asymptotics in N of orthogonal polynomials. Next, is section 3, we compute the free energy for the cubic interaction with charged loops and explore, in section 4, its critical behaviour. We also give a simple theorem to show the connection of the edge behaviour of the eigenvalue density with the critical behaviour of the parameters for its support.
x2. L-expansion and orthogonal polynomial asymptotics.
In this section we discuss the loop expansion of the planar free energy of the model (1.5c) with arbitrary potential V (M), and its relation with the asymptotics for large N of the orthogonal polynomial P N ( ) with the measure e ?NV ( ) 
The loop expansion is the formal expansion of the free energy in powers of L:
E(L; t; z) = ? lim
The coe cients E k (t; z) are the generators of connected planar graphs with k holes. The further expansion of E k in powers of z classi es graphs according to the total perimeter of the k holes, measured as the number of connections with the surrounding surface.
We consider the rst terms in (2. where G (0) r is the planar Green function with r external legs of the pure one matrix model with potential V . The expansion (2.3) has a simple graphical interpretation: along the boundary of the hole the r legs of the Green function G (0) r are attached each with the coupling z; the coe cient 1=r follows from the rotational symmetry. We wish now to remark that the coe cient E 1 (t; z) provides the leading asymptotic behaviour, for large N, of the orthogonal polynomial P N (t) of the one matrix model with potential V (M) in the one arc phase. Such asymptotic behaviour has recently attracted interest, after the works 17] where it was shown that it provides the (connected) joint probability distributions for the eigenvalues.
According to the standard procedure, to study the large N behaviour of Z N in eq. (1.5c) one performs the change of variables from the set M ij to eigenvalues i and angles, which can be integrated. The partition function, with irrelevant constants removed, is
The monic polynomial of degree N is explicitly given by the formula 18]
where C is the proper normalization factor. The formula can be the starting point for an asymptotics in N, with t 2 (a 0 ; b 0 ), as investigated by Eynard. To take care of the log, the relation is written as follows: We then nd the following leading behaviour, for large N, consistent with the more detailed formula found by Eynard:
where c 1 is a constant which depends on the normalization for P N and, in particular, it vanishes for P N not monic but with unit norm. The omitted terms O(1) cannot be accounted for by a planar calculation, since they would require the contribution from the graphs on the torus and higher genera. The parameter C enforces the normalization condition. k log E k (L; z) = log g cr (L; z) (3:7) which allows to evaluate the average number of holes per site :
< h >= @ log g cr (L; z) @ log L (3:8) and the average lenght of the total perimeter < l >= @ log g cr (L; z) @ log z (3:9) Before closing this section we brie y recall the simpler model with vanishing selfinteraction for the M matrix, that is eqs. (1.5) with g = 0. The analysis in the large N limit is simpler and a few terms of the L expansion of the free energy were evaluated long ago 19] and provides a non trivial check for the more involved algebra of the present paper.
When g = 0 one may perform the gaussian integration of the matrix M in eq. 
x4. Phases and continuum limits
In this section we describe the singularities of the free energy with respect to the couplings, which lead to di erent phases for the model and distinct continuum limits.
We recall that in one-matrix models where the potential is a nite sum of monomials in the matrix variable, one generally nds that such singularities are determined by the condition that the variables specifying the support are not di erentiable with respect to the couplings in the potential. This in turn is equivalent to the requirement that the eigenvalue density should vanish at the end of the support with a zero of order n + 1 2 , with the integer n larger than zero. These properties of one-matrix models are well known and were proved using orthogonal polynomials by Itzykson and Zuber 22] . However phase transitions are more conveniently discussed by the saddle point solution and the simple proof provided here sheds light also on the limitations of the assertions. The above formula implies that, generically, the density ( ) vanishes with a zero of order one half at the extrema of its support.
Since the free energy E(g i ) may be evaluated as a polynomial functional of ( ) and because of the polynomial nature of Q( ; b; a; g i ), the singularities of E(g i ) may only occur as singularities of the functions a(g i ) and b(g i ). By di erentiating eqs. The eigenvalue density is easily found in the large-N limit by the saddle point analysis. However, more parameters determined by more equations occur, and the general features above described in eqs. (4.1-4) must be generalized. Indeed it was shown that these models yield susceptibilities with unusual critical coe cients 24, 25] .
A second class of models which escape the above theorem occur if the one-matrix potential is not a polynomial. This is the case of Kazakov model and of the present paper. We proceed to analize the critical behaviour of our model.
To investigate the singular behaviour of the end-points a and b of the support, or equivalently of the functions s and d given by eqs. (3.4) A special situation occurs for 1 + 3 ? = 0, and will be discussed later. The above formulae are also the starting point for the expansion in L of the free energy, as discussed in the Appendix.
The singular behaviour of the function (g 2 ; L; ) can be characterized by the condition @(g 2 )=@ = 0 which, by eq. (4.8b), provides a constraint on the parameters. Together, the equations describe in the space (g 2 ; L; ), surfaces of criticality g 2 = g 2 cr (L; ). Such surfaces will be now investigated in the form of L expansions. We could equally well consider L and g 2 as spectators, and require the condition @ =@ = 0, which would provide an identical equation for the critical behaviour. The expansions (4.10) are supposed to hold for L L cr . Since the criticality is very similar to the pure gravity matrix model, we expect that the free energy behaves as The scaling exponents evaluated in the small holes phase and in the tearing phase fully agree with Kazakov results. 
x5.Conclusions
In this paper we analyzed a model of random surfaces with coherently oriented boundaries, de ned in eqs. (1.5), evaluated the free energy in the spherical limit, eq. (3.5), and the continuum limits associated to the phases of the model. Both the model and its analysis are parallel to Kazakov model 6] where the boundaries are unoriented. The phase diagram for the two models are similar. Fig. 3 shows the phase diagram of Kazakov's model. Critical behaviour occurs only below the line L = 4=z 2 , with three inequivalent continuum limits. The phase describing surfaces with small holes is for g=z 2 > 2=3, whereas the "tearing phase" is for g=z 2 < 2=3. The boundary line is the vertical segment g=z 2 = 2=3. is the boundary between a "small hole phase" (right) and a "tearing phase" (left). The critical exponent for the fugacity of the boundaries is the same in the two critical regions in the parameter spase (the small hole phase and the tearing phase). The lenght of the average hole <l> <h> , which may be considered the order parameter of the spontaneous tearing of the surface, also has the same bebaviour in the two critical phases, thus con rming the universality of Kazakov's analysis. It was unexpected to nd a di erent critical exponent on the boundary between the two critical phases. We investigated the reason for it in 26] . It is a consequence of the lack of symmetry ! ? of the matrix model discussed here and in 26], which originates two inequivalent boundary lines in the parameter space, one of which has the same exponents of the even-parity model of Kazakov, while the other exhibits a lenght of the average hole <l> <h> diverging in a milder fractional power.
The model analyzed in this paper is also related to the O(n) vector model on random 
